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RIGIDITY AND FLEXIBILITY IN POISSON GEOMETRY
MARIUS CRAINIC AND RUI LOJA FERNANDES
Abstract. We study rigidity and flexibility phenomena in the context of Pois-
son geometry.
1. Introduction
Rigidity and flexibility phenomena are well-known in symplectic geometry. Since
a Poisson manifold is a generalization of a symplectic manifold, it is natural to
look for rigidity and flexibility phenomena in the context of Poisson geometry. In
the present work we will survey recent results in this direction, give a few new
results, and pose some conjectures. It should came as no surprise that these kind
of questions are even harder to investigate in this more general context.
In symplectic geometry there are two basic results, going in opposite directions:
• For open manifolds, a celebrated theorem by Gromov ([17]) states that every
non-degenerate two form is homotopic to a symplectic form (flexibility).
• For compact manifolds, Moser’s stability theorem (see, e.g., [20] Theorem
3.17) shows that two symplectic forms that are homotopic in the same
cohomology class must be symplectomorphic (rigidity).
These two results have important consequences. For example, the first result re-
duces the problem of existence of a symplectic form on an open manifold to the
problem of existence of a non-degenerate 2-form, which is a relatively easy prob-
lem in obstruction theory. In contrast, for compact 4-manifolds there are highly
non-trivial obstructions to the existence of symplectic forms. In Poisson geometry,
one would like to have generalizations of these results, and in this paper we discuss
some recent progress in this direction.
In Section 2, we start by recalling Bertelson’s theorem ([1]), which gives a par-
tial analogue of Gromov’s result in Poisson geometry. It states that on an open
foliated manifold every leafwise non-degenerate 2-form is homotopic, in the class
of non-degenerate 2-forms, to a leafwise symplectic form, i.e., a Poisson structure.
Therefore, for an open foliation F the problem of existence of a Poisson structure
whose underlying foliation is F , can be reduced to a problem in obstruction theory.
We point out that Bertelson’s results can be better understood in the setting of
groupoids. Unfortunately, these results are only valid for regular foliations, while
in Poisson geometry, some of the most interesting Poisson manifolds have singular
symplectic foliations. It would be very interesting to find generalizations of these
results to singular foliations, but no such result is available at present.
In Section 3, we turn to rigidity. Given a Poisson structure pi, one may ask if
every nearby Poisson structure, satisfying some cohomological condition, must be
diffeomorphic to pi. We don’t know of such analogue of Moser’s stability theorem in
Poisson geometry. In fact, it is not clear how such a general result should be stated
since there is no obvious way of comparing Poisson cohomology classes attached
to distinct Poisson structures. Even the question of what is the right compactness
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assumption is an interesting problem. We will see that one is led naturally to the
study of proper Poisson manifolds (Poisson manifolds which integrate to proper
symplectic groupoids) and of Poisson manifolds of compact type (Poisson manifolds
which integrate to compact symplectic groupoids). Properness is enough to guar-
antee rigidity around leafs, as illustrated by recent results of Weistein and Zung on
linearization around leaves ([25, 27]). Some kind of global rigidity should also hold
for Poisson manifolds of compact type. However this is an intriguing class of which
very little seems to be known. We will give some properties of this class, and we
will state a rigidity result in the regular case.
In face of such difficulties, one is led naturally to the study of weaker properties of
Poisson manifolds, but still keeping a flavor of rigidity/flexibility. In this direction,
one very natural question which does not seem to have been discussed before, is
the problem of stability of symplectic leaves: a leaf of a Poisson structure is called
stable if every nearby Poisson structure has a nearby diffeomorphic leaf. In Section
4, we discuss the following result which gives a sufficient condition for stability for
fixed points, i.e., zero dimensional symplectic leafs:
Theorem 1.1. Let x0 ∈M be a fixed point of a Poisson structure pi on M . If the
isotropy Lie algebra gx0 has vanishing second Chevalley-Eilenberg cohomology, i.e.,
H2(gx0) = 0, then x0 is a stable fixed point.
We will also argue that this is the best possible general result in this direction,
and we will formulate a conjecture concerning stability of symplectic leafs of higher
dimension, which uses the relative Poisson cohomology of the leaf due to Ginzburg
and Lu [15].
2. Flexibility
In this section we start by recalling the results due to Melanie Bertelson [1],
which extend Gromov’s results to the foliated case.
Recall that a manifoldM is open if and only if it carries a positive, proper Morse
function, without any local maximum. The existence of such a Morse function is
precisely what is need in order to proof Gromov’s h-principle for open invariant
relations (see, e.g., [16], Theorem 3.3). Loosely speaking, the h-principle states
that for every open, invariant relation R on a jet space JkE, the space of sections
Γ(R) is weak homotopy equivalent to the space of holonomic sections Γhol(R). The
h-principle, in turn, when applied to the relation
R =
{
j1α(x) ∈ J1T ∗M : dα(x) is non-degenerate
}
,
yields the following important result:
Theorem 2.1 (Gromov [17]). Every non-degenerate two form is homotopic in the
set of non-degenerate two forms to a symplectic form.
Let now F be a foliation of a manifold M , and denote by Ω2(F) the space of
foliated 2-forms on F . Note that a leafwise symplectic 2-form ω ∈ Ω2(F) is the
same thing as a Poisson structure on M with symplectic foliation equal to F . In
order to obtain an analogue of Gromov’s result, one needs the concept of an open
foliation:
Definition 2.1 (Bertelson [1]). A foliated manifold (M,F) is said to be open if
there exists a smooth function f :M → [0,∞)with the following properties:
(a) f is proper;
(b) f has no leafwise local maxima;
(c) f is F -generic.
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The condition that f is F -generic is a transversality condition on its jet which
plays a role analogous to the Morse condition. The main result of [1] then states
that on an open foliated manifold, any open, foliated, invariant differential relation
satisfies the parametric h-principle. Applying this result to the relation
R =
{
j1α(x) ∈ J1T ∗F : dFα(x) is non-degenerate
}
,
one obtains a foliated version of Gromov’s theorem:
Theorem 2.2 (Bertelson [1]). Let (M,F) be an open foliated manifold. Any leaf-
wise nondegenerate 2-form is homotopic, in the class of leafwise nondegenerate
2-forms, to a leafwise symplectic form.
The leaves of an open foliation are necessarily open manifolds. However, this
condition is not sufficient for the conclusions of the theorem to hold. The following
example is presented in [2].
Example 2.1. Let M be a compact m-manifold and F a dimension 2k foliation
of M . If F is transversely orientable then F does not carry an exact leafwise sym-
plectic form. In fact, let µ be a transverse volume form, i.e., a nowhere vanishing,
closed, (m− 2k)-form such that iXµ = 0, for any tangential vector field X ∈ X(F).
If ω = dFα is an exact leafwise symplectic form, we choose extensions ω˜, α˜ of ω
and α to forms on M satisfying ω˜ = dα˜, and we observe that:
µ ∧ ω˜k = d(µ ∧ ω˜k−1 ∧ α˜)
is an exact volume form on M . This contradicts the assumption that M was
compact.
For example, take M = T2 × S3 with the foliation F = Fa × S
3, where Fa is
the irrational foliation of the torus of slope a. By this we mean the foliation of T2
generated by the vector field Xa =
∂
∂θ1
+a ∂
∂θ2
, where (θ1, θ2) are coordinates on T
2
and a ∈ R−Q. Now observe that:
(a) F carries a leafwise non-degenerate 2-form: let α be the 1-form on T2 such
that α(X) = 1, and let β be the contact form on S3. Then α∧β+dβ gives
a leafwise non-degenerate 2-form on F .
(b) F is transversely orientable: a transverse volume form is given by the 1-
form µ = pi∗1(adθ1 − dθ2), where pi1 : T
2 × S3 → T2 denotes projection to
the first factor.
Therefore, F has open leafs and admits a leafwise non-degenerate 2-form. However,
it does not carry any exact leafwise symplectic form.
Several other examples are given by M. Bertelson in [2], including examples
with non-compact M . It should be observed that in all such examples one has
H2(F) = 0. For instance, in the example above this follows from:
H2(F) =
⊕
i+j=2
Hi(Fa)⊗H
j(S3) = 0.
The condition H2(F) = 0 can be interpreted as an obstruction to the existence
of a leafwise symplectic form on a foliation which exhibits compactness. In order
to explain this, let us recall that a Poisson tensor pi ∈ X2(M) is said to be exact if
its Poisson cohomology class [pi] ∈ H2π(M) is trivial. Note that this means that:
LXpi = pi,
for some vector field X ∈ X(M). Now we have:
Proposition 2.1. Let ω ∈ Ω2(F) be a leafwise symplectic form. If the class [ω] ∈
H2(F) vanishes then the associated Poisson tensor pi is exact.
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Proof. Let α ∈ Ω1(M) be a 1-form and denote by α♯ ∈ X(M) the vector field
obtained by contraction with the Poisson tensor pi. A simple computation shows
that:
Lα♯pi(df, dg) = dα(df
♯, dg♯).
Therefore, if ω = dFα, we conclude that:
Lα♯pi(df, dg) = ω(df
♯, dg♯) = pi(df, dg).
Hence, the vector field X = α♯ satisfies LXpi = pi, and pi is exact. 
Recall that an integrable Poisson manifold (M,pi) is a Poisson manifold which
arises as the space of units of a symplectic groupoid G ⇒M (see [25]). The results
in [9, 10] show that the Poisson structures in this class are the Poisson structures
which have non-singular variations of symplectic areas in directions transverse to
the leaves. Simple conditions on the foliation F will guarantee that any leafwise
symplectic form on F determines an integrable Poisson tensor. For example, if F
is a foliation such that:
(i) F has no vanishing cycles;
(ii) pi2(L) is finite for every leaf L of F ;
then any Poisson structure with symplectic foliation F will be integrable by an
Hausdorff symplectic groupoid (see [10]).
For an integrable Poisson manifold (M,pi), we will denote by G(M) ⇒ M its
source 1-connected symplectic groupoid, and we let Ω ∈ Ω2(G(M)) denote its sym-
plectic form. The following proposition relates exactness of pi and of Ω:
Proposition 2.2. An integrable Poisson structure pi on M is exact if and only if
the symplectic form Ω on the associated symplectic groupoid is exact.
Proof. Assume that pi is exact, so there exists a vector field X ∈ X(M) such that
LXpi = pi. Then one checks easily that the flow φ
t of X satisfies:
(φt)∗pi = e
tpi.
This means that, for each t, the map
φt : (M,pi)→ (M, etpi)
is a Poisson diffeomorphism. By Lie’s second theorem for Lie algebroids (see [9]),
this integrates to a Lie groupoid isomorphism:
G(M,pi)
Φt
//

G(M, etpi)

M
φt
// M
From the description of G given in [9, 10], one sees that the Lie groupoids G(M,pi)
and G(M, etpi) can be identified as Lie groupoids and they only differ on their
symplectic forms Ω and Ωt, which satisfy:
Ωt = e
tΩ.
In other words, we have that Φt : G(M)→ G(M) satisfies:
(Φ−t)∗Ω = etΩ.
If X˜ denotes the vector field on G(M) with flux Φ−t, we conclude that:
Ω = LX˜Ω = diX˜Ω,
so Ω is exact. The converse can be proved by reversing the argument. 
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We have not used the fact that the symplectic form Ω on a symplectic groupoid
G is also multiplicative: if m : G(2) → G is the multiplication in G, and s, t : G →M
are the source and target maps, then:
m∗Ω = s∗Ω− t∗Ω.
Using this condition one can show that (see [8], Corollary 5.3):
Proposition 2.3. The symplectic form Ω is exact if and only if the restriction of
Ω to each s-fiber is exact.
Therefore, we see that that the condition H2(F) = 0 places strong restrictions
on the topology of the groupoid integrating any leafwise symplectic form on F .
Remark 2.1. A different setting where one can discuss all these questions, includ-
ing Bertelson’s notion of an open foliation, is the theory of twisted Dirac brackets
(see [3]). In fact, given a foliation F of a manifold M , a leafwise 2-form ω ∈ Ω2(F)
defines a φ-twisted Dirac bracket on M , where φ = dω. Under some nice assump-
tions, this twisted Dirac structure can be integrated to a presymplectic groupoid
(G,Ω), where the presymplectic form Ω is φ-twisted:
dΩ = s∗φ− t∗φ.
When one varies the leafwise 2-form, the multiplication in the groupoid and the
presymplectic form changes but the total space and the source and target maps stay
the same. Hence, one can try to find a homotopy, preserving the fibers, and which
changes the presymplectic form Ω to a symplectic form, and this should depend on
topological properties of G.
All what we have said above applies only to regular Poisson structures. If one
fixes a manifoldM and a singular foliation F , one can look at the family of bivector
fields θ ∈ X2(M) which generate this foliation: each bivector θ determines a bundle
map T ∗M → TM and we are interested in those θ for which the image is TF . Then
one asks if, given such an F -compatible θ, is it possible to find a homotopy θt of
F -compatible bivector fields with θ0 = θ and θ1 a Poisson bivector field. Nothing
seems to be known about this more general problem.
3. Rigidity
Let us now turn to rigidity in Poisson geometry. Our main motivation is the
well-known stability theorem in symplectic geometry due to Moser:
Theorem 3.1. Let M be a compact manifold, and let ωt ∈ Ω
2(M) be a homotopy of
symplectic structures in M such that its cohomology class [ωt] ∈ H
2(M) is constant.
Then ω0 and ω1 are symplectomorphic.
A proof can be found in any standard text in symplectic geometry , such as the
monograph of MacDuff and Salamon ([20]). We would like to have analogues of this
result in Poisson geometry. The first difficulty we face is to find the appropriate
compactness assumption.
Recall that a Lie groupoid G ⇒M is called proper if the map (s, t) : G →M×M
is a proper map. We propose the following definitions:
Definition 3.1. A Poisson manifold (M,pi) is called proper if it is integrable and
its symplectic groupoid G(M) ⇒ M is proper. A Poisson manifold (M,pi) is of
compact type if it is compact and proper.
Note that (M,pi) is of compact type if and only it is integrable and its source
1-connected groupoid G(M) is compact.
6 MARIUS CRAINIC AND RUI LOJA FERNANDES
Example 3.1. A compact Poisson manifold may not be of compact type. For
example, take any compact Poisson manifold with the zero Poisson bracket: its
symplectic groupoid is T ∗M →M (source and target coincide, and the product is
addition on the fibers), which is never proper.
Example 3.2. An example of a proper Poisson manifold is given by the linear
Poisson manifold g∗, where g is a compact semi-simple Lie algebra: its symplectic
groupoid is T ∗G ⇒ g∗, where G is the (compact) simply connected Lie group
integrating g. Here the source/target maps are given by right/left translations to
the identity. This Poisson manifold is not of compact type, since g∗ is not a compact
manifold.
Example 3.3. An example of a Poisson manifold of compact type is provided
by a compact symplectic manifold with finite fundamental group: its symplectic
groupoid is the fundamental groupoid pi1(M)⇒M , with source/target maps given
by the initial/end points of the homotopy class of a path.
For a proper Poisson manifold we have the following properties:
Proposition 3.1. Let (M,pi) be a proper Poisson manifold. Then:
(i) All isotropy Lie algebras are of compact type.
(ii) All symplectic leafs are closed submanifolds.
(iii) Every Poisson vector field is Hamiltonian: H1π(M) = 0.
(iv) There is a measure µ on M which is invariant under all Hamiltonian dif-
feomorphisms.
Proof. Assume that G(M)⇒M is proper so that the map (s, t) : G(M)→M ×M
is a proper map. If x ∈M is a fixed point, its isotropy Lie algebra gx integrates to
the Lie group Gx = (s, t)
−1(x, x) which is 1-connected and compact, so (i) holds.
Let x0 ∈ M and let L be the leaf through x0. If xn ∈ L is sequence converging
to some x ∈M , then there are elements gn ∈ G such that (s, t)(gn) = (x0, xn). The
set
K = {(x0, xn) : n ∈ N} ∪ {(x0, x)} ⊂M ×M
is compact and gn ∈ (s, t)
−1(K). Therefore, the sequence gn has a convergent
subsequence: gni → g. Observe that:
s(g) = lim s(gni) = x0,
(x0, x) = lim(s, t)(gni) = (s, t)(g).
Hence x ∈ L and L is a closed leaf, so (ii) holds.
To prove (iii), we use the fact that ([7]):
H1π(M) = H
1
d(G),
where Hkd (G) denotes the groupoid cohomology with differentiable cochains. Since
G is proper, we have H1d(G) = 0, and (iii) follows. In particular, the modular class
must vanish and so (iv) also holds. 
Proper Poisson manifolds already exhibit a lot of rigidity, as it is shown by the
following result which is a consequence of general results on linearization of proper
groupoids due to Weinstein [26] and Zung [27]:
Theorem 3.2. Let (M,pi) be a proper Poisson manifold, and let L be a compact
symplectic leaf. Then M is linearizable around L.
We refer to [26, 27] for exact statements and proofs.
In order to obtain global rigidity results one should require some global compact-
ness, and it is natural to consider Poisson manifolds of compact type. At present,
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the only examples of Poisson manifolds of compact type which we are aware of are
symplectic. Nevertheless, let us list some properties that any such manifold must
satisfy.
We start with the following basic property, which shows that Poisson manifolds
of compact type extend compact symplectic manifolds:
Proposition 3.2. If (M,pi) is a Poisson manifold of compact type then the Poisson
cohomology class [pi] ∈ H2π(M) is non-trivial.
Proof. If pi was exact then, by Proposition 2.2, the symplectic form Ω in G(M)
would be exact, which contradicts the fact that G(M) is compact. 
Remark 3.1. Note that there are proper Poisson manifolds with H2π(M) = 0.
For example, this happens for the Lie-Poisson structure on M = g∗, when g is
semi-simple of compact type.
The following somewhat surprising property shows that the class of Poisson
manifolds of compact type is quite rigid:
Proposition 3.3. Let (M,pi) be a Poisson manifold of compact type. Then pi does
not have any fixed points.
Proof. Assume that pi has a fixed point x0 ∈ M . Then s
−1(x0) = t
−1(x0) is a
compact, 1-connected Lie group. Hence, it must be homologically 2-connected. By
stability, all s-fibers are homologically 2-connected.
It was shown in [7] that the classical Van Est homomorphism can be extended to
Lie groupoids: it relates the Lie algebroid cohomology, the groupoid cohomology,
and the ordinary cohomology of the source fibers; when applied to Poisson manifolds
it gives a map:
Φ : Hkd (G)→ H
k(T ∗M) = Hkπ(M).
This map is an isomorphism up to degrees k ≤ n, and injective in degree n + 1,
provided the source fibers are homologically n-connected.
In the present situation, we conclude that:
H2π(M) = H
2
d(G).
Another basic result of [7], states that the differentiable groupoid cohomology of a
proper Lie groupoid vanishes (this is a generalization of a well-known result in Lie
theory stating that the group cohomology of a compact Lie group vanishes). We
conclude that the class [pi] = 0, which contradicts Proposition 3.2. 
To construct examples of Poisson manifolds of compact type one could try to
start with a proper Poisson manifold and restrict to a compact Poisson submanifold.
However, one must be careful since a Poisson submanifold of an integrable Poisson
manifold may be non-integrable, as shown by the following example:
Example 3.4. Let g be a semi-simple Lie algebra of compact type of dimension
d+1. We take M = g∗ with the Lie-Poisson bracket. The (negative of the) Killing
form defines an inner product on g∗ which is Ad∗-invariant. It follows that the unit
sphere Sd = {ξ ∈ g∗ : ||ξ|| = 1} is a Poisson submanifold of g∗.
The Weinstein groupoid (see [10]) of Sd, which we still denote by G(Sd), can
be obtained as follows: consider the symplectic groupoid of g∗, namely T ∗G⇒ g∗,
where G is the (compact) 1-connected Lie groupoid integrating g. Restricting to Sd,
we obtain the presymplectic groupoid S(T ∗G) ⇒ Sd, where S(T ∗G) is the sphere
bundle. This groupoid is still smooth, but to obtain the Weinstein groupoid of Sd
we have to factor out the kernel of the presymplectic form. This may lead to a
non-smooth groupoid. For example, one can check that this happens if g = su(n),
for n ≥ 3.
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Another possible method to produce Poisson manifolds of compact type is sug-
gested by the following remark: Let (S, ω) be a symplectic manifold and let G×S →
S be a proper and free action of a Lie group G by symplectomorphisms. Then
M = S/G is an integrable Poisson manifold. In fact, its symplectic groupoid G(M)
is obtained as the symplectic quotient of the symplectic groupoid of S:
G(S/G) = G(S)//G.
For a proof of this fact and generalizations to singular cases, we refer to the up-
coming paper [14]. If one starts with a compact symplectic manifold (S, ω) with
finite fundamental group, this could lead to a Poisson manifold of compact type.
However, any canonical action on a compact symplectic manifold with finite fun-
damental group cannot be free. So one is forced to consider actions with a fixed
isotropy type, and this makes this method much harder to work.
In the regular case, we can state the following rigidity result:
Proposition 3.4. Let F be a regular foliation of a manifold M . Let ωt ∈ Ω
2(F)
be a homotopy of foliated symplectic structures such that its cohomology class [ωt] ∈
H2(F) is constant and the associated Poisson structures pit are of compact type.
Then pi0 and pi1 are Poisson diffeomorphic.
Proof. We sketch a proof of this result.
Recall that there is a homomorphism dν : H
2(F) → H2(F ; ν∗), which can
defined as follows: given a class [ω] ∈ H2(F) represented by a foliated 2-form
ω ∈ Ω2(F), pick an extension ω˜ ∈ Ω2(M) of ω. Since dω˜|TF = 0, we obtain a
well-defined map Γ(∧2TF)→ Γ(ν∗) given by:
(X,Y ) 7→ dω˜(X,Y, ·).
One checks easily that this is a closed foliated 2-form with values in ν∗, whose
cohomology class dν [ω] ∈ H
2(F ; ν∗) does not depend on any choices.
Now, if ωt ∈ Ω
2(F) is a homotopy of foliated symplectic structures such that
the cohomology class [ωt] ∈ H
2(F) is constant, the class dν [ωt] ∈ H
2(F , ν∗) is
independent of t. The results of [10] show that the groupoid G(M,pit) only depends
on the class dν [ωt], so we see that the Poisson structures pit integrate to the same Lie
groupoid G(M), but with varying symplectic structures Ωt. Since G(M) is compact,
one can apply Moser’s trick to produce an isotopy of Lie groupoid automorphisms
Φt such that (Φt)
∗Ωt = Ω. This isotopy covers the desired isotopy of Poisson
diffeomorphisms. 
Again in the non-regular case, just like in the previous section, nothing seems
to be known. In fact, it is not clear how such a general result should be stated
since there is no obvious way of comparing Poisson cohomology classes attached
to distinct Poisson structures. In face of these difficulties, we now turn to milder
rigidity properties of Poisson structures.
4. Stability of leaves
The space Poiss(M) of Poisson structures on a manifold M is a subset of the
space of smooth bivector fields X2(M):
Poiss(M) =
{
pi ∈ X2(M) : [pi, pi] = 0
}
.
Since X2(M) is the space of sections of the vector bundle ∧2TM , we can consider
on it the Ck (0 ≤ k ≤ +∞) compact-open topology. This induces topologies on
Poiss(M) which, in general, are extremely complicated.
At the formal level, around a Poisson structure pi ∈ Poiss(M), one knows that the
second Poisson cohomology group H2π(M) is the space of infinitesimal deformations
RIGIDITY AND FLEXIBILITY IN POISSON GEOMETRY 9
of Poisson structures. In other words, let M denote the moduli space of Poisson
structures on M , obtained by factoring out diffeomorphic Poisson structures:
M = Poiss(M)/Diff (M).
Then, formally, one has (see, e.g., [4]):
TπM = H
2
π(M).
Hence, it is natural to study points pi where this tangent space vanishes, where one
hopes to have rigidity. In other words, one is led to the question:
• If H2π(M) = 0 is every nearby Poisson structure diffeomorphic to pi?
Of course, this question should be taken with care since H2π(M) only parametrizes
the formal deformations of pi.
Let us take, for example, M = g∗ and assume that g is of compact type, so
that H2π(g
∗) = 0. As a first step towards understanding stability, we recall Conn’s
Linearization Theorem [6]:
Theorem 4.1. Let pi ∈ Poiss(M) be a Poisson structure, x0 ∈M such that pix0 =
0, and assume that the isotropy Lie algebra gx0 has compact type. Then there exists
a neighborhood V of x0 which is Poisson diffeomorphic to a neighborhood of zero
in g∗x0 .
Hence, if one could prove that every Poisson structure pi nearby g∗ must have a
zero x0 with isotropy Lie algebra gx0 ≃ g, then, around x0, pi would look like its
linearization g∗. Therefore, one is led naturally to the study of the stability of zeros
of Poisson structures:
Definition 4.1. A fixed point x0 of a Poisson structure pi ∈ Poiss(M) is said to
be stable if, given any neighborhood V of x0 in M , there is a neighborhood U of
pi in Poiss(M), such that each Poisson structure θ ∈ U has a fixed point in V .
In other words, a fixed point of pi is stable if all nearby Poisson structures have
nearby fixed points. We have the following criterion for stability of fixed points:
Theorem 4.2. Let pi be a Poisson structure with a fixed point x0 ∈M , and denote
by gx0 the isotropy Lie algebra at x0. If H
2(gx0) = 0 then x0 is a stable fixed point.
For a proof of this result we refer to [12]. In fact, there we give a more precise
version of the theorem showing that, under the assumption H2(gx0) = 0, the set of
fixed points of pi in a neighborhood of x0 is a submanifold tangent to the fixed point
set of the linear approximation to pi at x0, which is stable under perturbations of
the Poisson structure.
The condition in the theorem is, in some sense, not too far from being a necessary
condition. This can be seen by considering the case of linear Poisson structures.
For these we can prove:
Proposition 4.1. Let g be a finite dimensional Lie algebra and take M = g∗ with
the linear Lie-Poisson bracket. If the origin is a stable fixed point then H2(g) = 0.
Proof. Let us denote by pi0 the Lie-Poisson bracket on g
∗, so that:
pi0(df, dg)(ξ) = −〈ξ, [dξf, dξg]〉,
for any ξ ∈ g∗ and f, g ∈ C∞(g∗). A cohomology class [c] ∈ H2(g) is represented by
a skew-symmetric map c : g× g→ R. Consider the associated (constant) bivector
field on g∗ defined by:
pi1(df, dg)(ξ) = c(dξf, dξg),
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for any ξ ∈ g∗ and f, g ∈ C∞(g∗). Since pi1 is constant, it defines a Poisson
bivector field, i.e., the Schouten bracket with itself vanishes: [pi1, pi1] = 0. Denote
by δ : ∧•g∗ → ∧•+1g∗ the Chevalley-Eilenberg differential. Then:
δc = 0 ⇐⇒ [pi0, pi1] = 0,
and we conclude that the 1-parameter family of bivector fields pit = pi0 + tpi1 is a
pencil of Poisson structures.
Assume now that the origin is a stable fixed point point for pi0. Then for t > 0,
pit must also have a fixed point ξ ∈ g
∗, and we find:
pit(ξ) = pi0(ξ) + tpi1(ξ) = 0 ⇐⇒ tc = δξ,
so c must be a coboundary. Hence, if the origin is a stable fixed point, we must
have H2(g) = 0. 
As a corollary of Proposition 4.1 and Theorem 4.2 we obtain:
Corollary 4.1. For a linear Poisson structure M = g∗ the origin is a stable fixed
point if and only if H2(g) = 0.
Example 4.1. Let pi be a Poisson structure on a manifold M , and let x0 be a
fixed point of pi for which the isotropy Lie algebra gx0 is semisimple. By the Second
Whitehead Lemma, we have H2(gx0) = 0, so x0 is a stable fixed point.
Remark 4.1. It was pointed out to us by Jean-Paul Dufour, that our criterion for
fixed points can be generalized to higher degree singularities (see [13]).
Fixed points of a Poisson structure are symplectic leaves of dimension zero.
The problem of stability of fixed points naturally generalizes to higher dimensional
symplectic leaves. This is made precise by the following definition:
Definition 4.2. A symplectic leaf S ⊂M of a Poisson structure pi is said to be a
stable leaf if, for every tubular neighborhood V of S inM , there is a neighborhood
U of pi in Poiss(M), such that each Poisson structure θ ∈ U has a leaf contained in V
which is mapped diffeomorphically onto S by the tubular neighborhood projection.
In the case where dimS = 0, i.e., S = {x0} is a fixed point, this definition
reduces to the definition of stability of a fixed point given before.
We conjecture that our criterion for stability of fixed points (Theorem 4.2) can be
generalized to leaves. For that recall the relative Poisson cohomology of a symplectic
leaf S of (M,pi) due to Ginzburg and Lu (see [15]): one considers the complex
(Xk(M,S), δ) where:
Xk(M,S) = Γ(∧kT ∗SM),
is the space of k-multivector fields along the symplectic leaf S, and δ : X•(M,S)→
X•+1(M,S) is given by:
δθ = [θ, pi].
Since pi is tangent to S, one checks easily that δ is well-defined. On the other
hand, the vanishing of the Schouten bracket [pi, pi] = 0 implies that δ2 = 0, so δ
is a differential. One calls the cohomology of the resulting complex the relative
Poisson cohomology of the leaf S, and denotes it by H•π(M,S). In terms of Lie
algebroids, H•π(M,S) coincides with the Lie algebroid cohomology of the restriction
T ∗SM .
Example 4.2. If dimS = 0, so that S = {x0} is a fixed point, it follows from the
definitions that the relative Poisson cohomology is just the Lie algebra cohomology
of the isotropy Lie algebra at x0: H
•
π(M,S) = H
•
S(gx0).
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In this example, H•π(M,S) is finite dimensional. In fact, one can show that the
complex (Xk(M,S), δ) is elliptic, hence the relative Poisson cohomology is finite
dimensional provided S is of finite type (e.g., if S is compact). This is in sharp
contrast with the absolute Poisson cohomology, which is often infinite dimensional.
Now we pose the following natural conjecture:
Conjecture 4.1. Let pi be a Poisson structure with a compact symplectic leaf S ⊂
M . If the 2nd Poisson cohomology relative to S vanishes, i.e., H2π(M,S) = 0, then
S is a stable symplectic leaf.
Further evidence for this conjecture is given in [12].
One may consider stronger notions of stability. For example, we may call a
symplectic leaf S strongly stable if all nearby Poisson structures have nearby
symplectic leaves which are symplectomorphic (rather than just diffeomorphic) to
L, or one can even require the restricted Lie algebroids T ∗SM to be isomorphic.
In the case of fixed points, this would mean that nearby fixed points should have
isomorphic isotropy Lie algebras. These notions of stability seem to be much harder
to study.
Remark 4.2. For group (or Lie algebra) actions on a manifold M the situation
is similar, as one may consider, also, two notions of stability: an orbit O ⊂ M of
an action is called stable (respectively, strongly stable) if every nearby action has a
nearby leaf which is diffeomorphic to (respectively, has the same orbit type as) S.
While the stability of orbits has been studied extensively (cf. [22]), little seems to
be known about strong stability.
Similarly, for foliations of a manifold M of codimension k, one also has two
notions of stability: a leaf L ⊂ M of a foliation F is called stable (respectively,
strongly stable) if every nearby foliation has a nearby leaf which is diffeomorphic to
(respectively, has the same holonomy as) L. While the stability of leafs has been
studied extensively (cf. the classical stability results of Reeb [21], Thurston [23],
Langevin and Rosenberg [19]), little seems to be known about strong stability.
To finish, motivated by Conn’s linearization result, we would like to formulate a
conjecture on linearization around leafs in the sense of Vorobjev ([24]):
Conjecture 4.2. Let pi be a Poisson structure with a compact symplectic leaf S ⊂
M . If the restricted Lie algebroid T ∗SM integrates to a compact, source 1-connected,
Lie algebroid, then pi is linearizable around S.
One should be able to prove this conjecture using the methods of [11]. One can
also look into milder properties of a leaf which are shared by (some) nearby leaves.
For example, given a leaf L, one may ask if all nearby Poisson structures have a a
nearby leaf of the same dimension, etc. We refer the reader to the upcoming paper
[12] for a detailed discussion of the problem of stability of symplectic leaves.
References
[1] M. Bertelson, A h-principle for open relations invariant under foliated isotopies, J. Symplectic
Geom. 1 (2002), no. 2, 369–425.
[2] M. Bertelson, Foliations associated to regular Poisson structures, Commun. Contemp.
Math. 3 (2001), no. 3, 441–456.
[3] H. Bursztyn, M. Crainic, A. Weinstein, C. Zhu, Integration of twisted Dirac brackets, Duke
Math. J. 123 (2004), no. 3, 549–607.
[4] A. Cannas da Silva and A. Weinstein, Geometric Models for Noncommutative Algebras,
Berkeley Mathematics Lectures, vol. 10, American Math. Soc. , Providence, 1999.
[5] J. Conn, Normal forms for analytic Poisson structures, Annals of Math. 119 (1984), 576–601.
[6] J. Conn, Normal forms for smooth Poisson structures, Annals of Math. 121 (1985), 565–593.
12 MARIUS CRAINIC AND RUI LOJA FERNANDES
[7] M. Crainic, Differentiable and algebroid cohomology, van Est isomorphisms, and character-
istic classes, Comment. Math. Helv. 78 (2003), no. 4, 681–721.
[8] M. Crainic, Prequantization and Lie brackets, preprint math.DG/0403269
[9] M. Crainic and R. L. Fernandes, Integrability of Lie brackets, Ann. of Math. (2) 157 (2003),
575–620.
[10] M. Crainic and R. L. Fernandes, Integrability of Poisson brackets, J. Differential Geom. 66
(2004), 71–137.
[11] M. Crainic and R. L. Fernandes, Linearization of Poisson structures, in preparation.
[12] M. Crainic and R. L. Fernandes, Stability of symplectic leaves, in preparation.
[13] J.P. Dufour and A. Wade, Stability of higher order singular points of Poisson manifolds and
Lie algebroids, preprint math.DG/0501168.
[14] R. L. Fernandes, J. P. Ortega and T. Ratiu, Momentum maps in Poisson geometry, in prepa-
ration.
[15] V.L. Ginzburg and J.-H. Lu, Poisson cohomology of Morita-equivalent Poisson manifolds,
Internat. Math. Res. Notices (1992), no. 10, 199–205.
[16] H. Geiges, h-principles and flexibility in geometry, Mem. Amer. Math. Soc. 164 (2003),
no. 779.
[17] M. Gromov, Partial Differential Relations, Springer-Verlag, Berlin, 1986.
[18] M. Hirsch, Stability of stationary points and cohomology of groups, Proc. Amer. Math.
Soc. 79 (1980), 191–196.
[19] R. Langevin and H. Rosenberg, On stability of compact leaves and fibrations, Topology 16
(1977), 107–111.
[20] D. McDuff and D. Salamon, Introduction to symplectic topology, 2nd edition, Oxford Math-
ematical Monographs. Oxford University Press, New York, 1998.
[21] G. Reeb, Sur certaines proprie´te´s topologiques des varie´te´s feuillete´es, Publ. Inst. Math.
Univ. Strasbourg 11 (1952), 5–89 and 155–156.
[22] D. Stowe, Stable orbits of differentiable group actions, Trans. Amer. Math. Soc. 277 (1983),
665–684.
[23] W. Thurston, A generalization of the Reeb stability theorem, Topology 13 (1974), 347–352.
[24] Y. Vorobjev, Coupling tensors and Poisson geometry near a single symplectic leaf, in Lie al-
gebroids and related topics in differential geometry (Warsaw, 2000), 249–274, Banach Center
Publ. 54, Polish Acad. Sci., Warsaw, 2001.
[25] A. Weinstein, Symplectic groupoids and Poisson manifolds, Bull. Amer. Math. Soc. (N.S.)
16 (1987), 101–104.
[26] A. Weinstein, Linearization of regular proper groupoids, J. Inst. Math. Jussieu 1 (2002),
493–511.
[27] N. T. Zung, Linearization of proper groupoids, preprint math.DG/0301297
Depart. of Math., Utrecht University, 3508 TA Utrecht, The Netherlands
E-mail address: crainic@math.uu.nl
Depart. de Matema´tica, Instituto Superior Te´cnico, 1049-001 Lisboa, PORTUGAL
E-mail address: rfern@math.ist.utl.pt
